Abstract. The volumes of strata of Abelian or quadratic differentials play an important role in the study of dynamics on flat surfaces, related to dynamics in polygonal billiards. This article reviews all known ways to compute volumes in the quadratic case and provides explicit values of volumes of the strata of meromorphic quadratic differentials with at most simple poles in all low dimensions.
1. Introduction 1.1. Flat surfaces, quadratic differentials, moduli spaces and volumes of strata. A meromorphic quadratic differential q with at most simple poles on a Riemann surface S of genus g defines a flat metric on S with conical singularities. If q is not the global square of a holomorphic 1-form on S, the metric has a non-trivial linear holonomy group, and in this case (S, q) is called a half-translation surface. In this paper we consider only quadratic differentials satisfying the previous condition. If α = {α 1 , . . . , α n } ⊂ {−1} ∪ N is a partition of 4g − 4, Q(α) denotes the moduli space of pairs (S, q) as above, where q has exactly n singularities of orders given by α. It is a stratum in the moduli space Q g of pairs (S, q) with no additional constraints on q.
In the following we will refer to a half-translation surface (S, q) simply as S. Any flat surface (S, q) in Q(α) admits a canonical ramified double coverŜ p → S such that the induced quadratic differential onŜ is a global square of an Abelian differential, that is p * q = ω 2 and (Ŝ, ω) ∈ H(α). Let Σ = {P 1 , . . . P n } denote the singular points of the quadratic differential on S, andΣ = {P 1 , . . .P N } the singular points of the Abelian differential ω onŜ. Note that the pre-images of poles P i are regular points of ω so do not appear in the listΣ. The subspace H Convention 1. Following [AEZ1] we denote Q 1 (α) the hypersurface in Q(α) of flat surfaces of area 1/2 such that the area of the double cover is 1.
The stratum Q(α) is equipped with a natural P SL(2, R)-invariant measure µ, called Masur-Veech measure, induced by the Lebesgue measure in period coordinates. This measure induces a measure µ 1 on Q 1 (α) in the following way: if E is a subset of Q 1 (α), we denote C(E) the cone underneath E in the stratum Q(α):
C(E) = {S ∈ Q(α) s.t. ∃r ∈ (0, +∞), S = rS 1 with S 1 ∈ E} and we define µ 1 (E) = 2d · µ(C(E)),
, that is, the measure dµ disintegrates in dµ = r 2d−1 drdµ 1 . With this convention the volume of a stratum Q(α) is then given by:
Vol Q 1 (α) = 2d Vol C(Q 1 (α)).
There are several possible choices for the normalization of µ, two of them being commonly used: namely the choice of Athreya-Eskin-Zorich, described in [AEZ1] and recalled in § 2, and the choice of Eskin-Okounkov, described in [EOk2] and recalled on § 6.1.
Historical remarks.
In the case of Abelian differentials, volumes of strata with respect to the Masur-Veech measure were computed by Eskin and Okounkov ([EOk] ), and Zorich ( [Z] ). The first authors used representation theory and modular forms, and their approach allowed them to prove the rationality of volumes which was conjectured by Kontsevich and Zorich, that is Vol(H 1 (α)) = r · π 2g , r ∈ Q, where g is the genus of the surfaces in the stratum H(α). They obtained also asymptotic formulas for the principal strata H(1, 1, . . . , 1), and they computed algorithmically the exact values of the volumes of strata up to genus 20. Zorich used a combinatorial approach to compute explicitly the volumes of some strata in low genus. Volumes of strata of Abelian differentials are related to counting problems on translation surfaces. The asymptotic of the number of closed geodesics (or saddle connections) is encoded by the so-called Siegel-Veech constant. In [EMZ] , Eskin, Masur and Zorich gave the correspondence between the Siegel-Veech constant of a stratum and the volumes of the boundary strata.
Similar approaches were developed in the quadratic case. Eskin and Okounkov applied in [EOk2] similar methods as in the Abelian case, but this case presents many extra difficulties: for example there is no nice simplification that leads to the computation of the asymptotic of volumes of principal strata as for the Abelian case. The rationality of volumes in this case results from their study, that is Vol Q 1 (α) = r · π 2g eff , r ∈ Q, where g eff =ĝ − g andĝ is the genus of the double coverŜ for S ∈ Q(α) (cf Lemma 2). In the case of genus 0 surfaces, Athreya-Eskin-Zorich developed two parallel approaches that leaded to the explicit computation of volumes. The first one ( [AEZ2] ) is combinatorial and is based on a formula of Kontsevich ([K] ). The second one develops the study of Siegel-Veech constants: they give a formula relating SiegelVeech constants and volumes (based on the classification of configurations in [MZ] , [Bo] ), and since the Siegel-Veech constants in genus 0 are known thanks to the Eskin-Kontsevich-Zorich formula ( [EKZ] ), they deduce the volumes of strata for genus 0.
In a different direction Mirzakhani computed the Weil-Peterson volumes of principal strata for quadratic differentials: they are fibers over the moduli spaces of Riemann surfaces with marked points.
1.3. Structure of the paper. We first recall the [AEZ1] -convention for the normalization of the volumes. In section 3 we compute volumes of hyperelliptic components of strata using the known values of volumes in genus 0. Then we illustrate the combinatorial approach in genus different of 0 in section 4. We explain also how to use the link with counting problems in section 5. Finally we follow the Eskin-Okounkov approach to compute volumes up to dimension 10.
Most sections of this paper are written with respect to the [AEZ1]-convention, the last section uses the [EOk2] -convention and gives the normalization factor between the two conventions. The volumes given in appendix A are written in the [AEZ1]-convention.
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Description of the Athreya-Eskin-Zorich's convention on volumes
Choosing a normalization for the volume element on a strata Q(α) is equivalent to choose a lattice in the space H 1 − (Ŝ,Σ; C) which gives the local model of the stratum Q(α) around S. The volume is then normalized by declaring that the covolume of the lattice is 1.
Convention 2. Following the convention of [AEZ1] we choose, as lattice in H 1 − (Ŝ,Σ; C) of covolume 1, the subset of those linear forms which take values in Z ⊕ iZ on H − 1 (Ŝ,Σ; Z), that we will denote by (H − 1 (Ŝ,Σ; Z)) * C . This convention implies that the non zero cycles in H 1 (S, Σ, Z) (that is, those represented by saddle connections joining two distinct singularities or closed loops non homologous to zero) have half-integer holonomy, and the other ones (closed loops homologous to zero) have integer holonomy.
Convention 3. We choose to label all zeroes and poles. This affects the computation of volumes, but it is easy to deduce the value of volumes of strata with anonymous singularities.
Let γ be a saddle connection on S. (S, Σ, Z) , that is, a saddle connection joining distinct zeros or a closed cycle (absolute cycle), the lift [γ] is a primitive element of H − 1 (Ŝ,Σ, Z). We recall the generic construction given in [AEZ1] of a basis of H − 1 (Ŝ,Σ, Z) from a basis of H 1 (S, Σ, Z).
Basis of H
§3.1) Let k be the number of poles in Σ, a the number of even zeroes and b the number of odd zeroes (of order ≥ 1). Assume that the zeroes are numbered in the following way: P 1 , . . . P a are the even zeroes, P a+1 , . . . , P a+b are the odd zeroes and P a+b+1 , . . . , P n the poles, and take a simple oriented broken line P 1 , . . . P n−1 . Take each saddle connection γ i represented by [P i , P i+1 ] for i going from 1 to n − 2, and a basis {γ n−1 , . . . , γ n+2g−2 } of H 1 (S, Z).
Then we have (cf [AEZ1] §3.1):
This lemma will be useful for the computations of the next two sections.
Using hyperellipticity
We begin with hyperelliptic components of strata: the values of their volumes are easier to compute since they are related to values of volumes in genus 0, that are computed in [AEZ1] .
3.1. Volumes of hyperelliptic components of strata of quadratic differentials. The strata of the moduli spaces of quadratic differentials have one or two connected components: for genus g ≥ 5 there are two components when the stratum contains a hyperelliptic component (cf [L2] ). For genus g ≤ 4 some strata are hyperelliptic and connected (cf [L1] ): namely Q(1 2 , −1 2 ) and Q(2, −1 2 ) in genus 1, Q(1 4 ), Q(2, 1 2 ), and Q(2, 2) in genus 2. For these strata and for hyperelliptic components of strata in higher genus the volume is easier to compute. Proposition 1. The volumes of hyperelliptic components of strata of quadratic differentials are given by the following formulas (in convention [AEZ1] ):
• Second type (k 1 ≥ −1 odd, k 2 ≥ 0 even):
is the complex dimension of the strata. Example 1. For the five strata that are connected and hyperelliptic we obtain:
For an alternative computation of some of these volumes using graphs, see Appendix B.
Proof. By Convention 3 we compute volumes of strata with numbered zeroes. We denote Vol numb Q(α) the volume of the strata Q(α) when the zeroes are numbered and Vol unnumb Q(α) when they are not. We have the following relation:
where Γ(α) denotes the group of possible symmetries of all surfaces in the stratum Q(α).
We recall here the three types of strata that contain hyperelliptic components (cf [L1] ):
• First type:
The ramification points are 2g + 2 poles. Note that for k i = −1 there are 2g + 3 poles and 2g+3 1 choices for the cover, so in that case π is (2g + 3) : 1.
• Second type:
The ramification points are 2g + 1 poles and the zero of order k 2 . Note that for k 1 = −1 there are 2g + 2 poles and 2g+2 1 choices for the cover, so in that case π is (2g + 2) : 1. • Third type:
The ramification points are over all the singularities. Except the special cases, π is always 1 : 1. We introduce the following notation for the general case:
be the complex dimension of the stratum that we consider. Recall that, by definition, the volume of the hyperboloid of surfaces of area equal to 1/2 is given by the volume of the cone underneath times the real dimension of the stratum:
Let S be a point in Q 1 (β), and let S ′ be one of the I possible lifts π * (S). As S is of area 1/2, S ′ is of area 1 so belongs to Q 
we consider the saddle connections defined by taking a broken line joining all the singularities except one pole, as in the picture above, such that a joins the two zeroes, b joins a zero to a pole, and a i , b i join the remaining poles except the last one, for i going from 1 to g. Thenâ,b,â 1 , . . . ,b g is a primitive basis of H 
On the picture σ u and σ d are the involutions of the double covers and s is the hyperelliptic involution.
In this local coordinates volume elements are given by:
with dA = π * (da), dB = 4π * (db), dA i = 4π * (da i ) and dB i = 4π * (db i ). So we obtain the following relation between the volume elements:
Same considerations for the two other types give the same result. So now we have all the elements to compute the relation between Vol numb Q 1 (β)
and Vol numb Q hyp 1 (α):
Note that, for the first two types, the hyperelliptic involution exchanges the zeroes which are preimages of the same zero downstairs. So for these types |Γ hyp (α)| = 2. For the third type |Γ hyp (α)| = 1. Downstairs there is no symmetry for each stratum that we consider so |Γ(β)| = 1 for each β.
The values of the volumes of strata of quadratic differentials in genus 0 are given in [AEZ1] , Theorem 1.6:
for n ∈ {−1, 0} ∪ N and with
In particular we have:
• for the first type (
• for the second type (
• for the third type (k 1 , k 2 even, d = 2g):
So we obtain the result.
3.2.
Volumes of hyperelliptic components of strata of Abelian differentials. Similarly we compute the volumes of the hyperelliptic components of Abelian differentials (for the needs of [G] ).
Proposition 2. The volumes of hyperelliptic components of strata of Abelian differentials with area 1/2 are given by the following formulas:
Proof. We recall here the two types of strata of Abelian differentials that contain hyperelliptic components (cf [KZ] ):
• First type (g ≥ 2):
• Second type (g ≥ 2):
In both cases, π is an isomorphism. By conventions 2 and 1, the volume elements are chosen to be invariant under this isomorphism, so we have:
So considering the naming of the singularities we obtain:
by plugging values of volumes given in (8). For the first type, for k = 2g − 1 we have dim C H(k − 1) = 2g = k + 1. For the second type, for k = 2g we have
Counting diagrams
For strata of complex dimension d ≤ 5, we follow the combinatorial approach introduced by Zorich ([Z] ) in the Abelian case, Athreya Eskin and Zorich ([AEZ2] ) in the quadratic case for genus 0.
The general idea is to count "integer points" in the stratum, that is, surfaces corresponding to points of the normalization lattice in the stratum.
The relation between volume and number of lattice points is given in § 2.3 of [AEZ2] :
Here we recall briefly the techniques of Athreya, Eskin and Zorich to count integer points (or square-tiles surfaces, or pillowcase covers) in genus 0, and explain how generalize them to higher genera.
A flat surface (S, ω) corresponding to an integer point, i.e. a point in the lattice (H − 1 (Ŝ,Σ; Z)) * C in local coordinates, can be decomposed into horizontal cylinders with half-integer or integer widths, with zeroes and poles lying on the boundaries of these cylinders, that are called singular layers in [AEZ2] . Each layer defines a ribbon graph (graph with a tubular neighborhood inside the surface), called map in combinatorics. A zero of order d i belonging to a layer corresponds to a vertex of valency d i + 2 in the associated graph, and edges of the graph emerging from this vertex correspond to horizontal rays emerging from the zero in the surface. The graph is metric: edges have half-integer lengths. A ribbon graph or a map carries naturally a genus: it is the minimal genus of the surface in which it can be embedded. So a ribbon graph associated to a singular layer in S has a genus lower or equal to the genus g of S. Also a ribbon graph has some faces corresponding to the connected components of its complementary in the minimal surface in which it can be embedded. In our case faces correspond to cylinders emerging from the layer. In genus 0 each face corresponds to a distinct cylinder, in higher genus some cylinders may have both of their boundaries glued to the same layer. For a ribbon graph Γ we have the Euler relation:
where g Γ is the genus of Γ, V Γ , E Γ and F Γ the number of vertices, edges and faces of Γ respectively. In the figure below we represent the two maps with one 4-valent vertex: one is of genus 0 and has 3 faces, the other is of genus 1 and has 1 face. genus 0 genus 1 = We encode the decomposition of the surface S into horizontal cylinders in a supplementary graph T , by representing each singular layer by a point in this graph and each cylinder emerging form a layer by an edge emerging form the corresponding vertex. So a layer with k faces corresponds to a k-valent vertex in T . We record also the information on the order of the zeros lying in each layer, and on the genus of the ribbon graph: that gives a decoration of the graph T . For surfaces S of genus 0 this graph is a tree.
As an example we consider a surface in Q(2, 1 2 ) represented by the following graph:
On the left we figure the graph T . The lower vertex represents a ribbon graph of genus 1 with two zeros of order 1 (two 3-valent vertices): the corresponding layer is drawn on the right. The higher vertex corresponds to the ribbon graph of genus 0 with one 4-valent vertex (zero of order 2) drawn on the right. The width w i of the cylinders and the lengths l i of the edges of the ribbon graphs are also recorded.
Below is a flat representation of a surface corresponding to the configuration described above. Note that the genus of S is the sum of the genera of the vertices of T , and the genus created by loops in the graph T : namely, the dimension of the homology of the graph T . In the example, the surface is of genus 2.
Note also that horizontal cylinders in S which are homologous to 0 correspond to separating edges on the graph T . It will be useful because with Convention 2, the width w of a cylinder is an integer if its waist curve is homologous to 0, and halfinteger otherwise. In the example w 1 is integer and w 2 half-integer (furthermore here w 1 is necessarily equal to 2w 2 ).
We have to choose the l i such that the length of the boundaries of the faces of the ribbon graphs Γ j correspond to the w k . In the example we have necessarily w 2 = l 1 = l 2 and w 1 = 2l 1 = 2w 1 = 2(l 3 + l 4 + l 5 ). So we have only one choice for l 1 and l 2 and exactly
choices for (l 3 , l 4 , l 5 ) (see also Lemma 3 in Appendix C), because with the convention 2, w 2 is an integer and the l i are half-integer.
To count surfaces of area lower than N/2 corresponding to lattice points, we have to sum on the possible graphs T and on the possible corresponding layers Γ, the number of distinct flat surfaces of this combinatorial type. So for a fixed graph T and fixed layers Γ i we have to count the number of twists t j , widths w i , heights h i and lengths of saddle connexions l i satisfying the combinatorial configuration, and such that the area w · h = i w i h i is lower or equal to N/2. More precisely by (11) we have to get the asymptotic of this number as N goes to infinity. In the example all the l i are half-integer, h 1 , t 1 , h 2 , t 2 also because they are coordinates of saddle connexions that are non homologous to zero, w 2 is half-integer and w 1 is integer. Twists t 1 and t 2 take respectively 2w 1 and 2w 2 half-integer values. We have already seen that the l i take
values (with the condition w 1 = 2w 2 ). So we want to find the asymptotic of w1h1+w2h2≤N/2 w1∈N, w2,h1,h2∈N/2
Remark that since we want only the term of highest order in N we just need to take the term of highest order in w i , so we can replace
2 . In general the asymptotic for such sums is given by Lemma 3.7 of [AEZ2] . For this particular case, it is given by Lemma 5 of Appendix C, and we obtain N 5 10 (32ζ(4) − 33ζ (5)). This approach is somehow limited because we need to known all the ribbon graphs of a certain type and the number of these ribbon graphs increases fast as the dimension of the stratum grows. So we apply this method to strata of complex dimension d ≤ 5, using the complete description of ribbon graphs with at most 5 edges given in [JV] : recall that a zero of order d i corresponds in the ribbon graph to a vertex with d i + 2 adjacent edges, so the maximal number of edges of a ribbon graph in a strata
In genus 0, Athreya, Eskin and Zorich were able to compute the volumes of all strata of type Q(1 K , −1 K+4 ) with this method because they used a formula which gives directly the number of ways the cylinders of widths w i can be glued at a vertex j of a tree T . This formula was deduced from a formula of Kontsevich by a recurrence on the number of poles. The formula of Kontsevich works also for higher genus, but for distinct widths w i , and since cylinders can form some loops in the surface, it is not obvious to get a general formula for the higher genus case, even for the strata Q(1 k , −1 l ).
Convention 4. In the following we write the half-integers in lower case and the integers in capitals.
4.1. First example: Q(5, −1). We use here the method described above to compute "by hands" the volume of Q(5, −1). In this case, there are only two possible graphs T , and for each graph, only two possible layers. This gives four configurations (note that here we do not speak about configurations ofĥomologous cylinders, but about configurations of horizontal cylinders for integer surfaces in the stratum). The computations of the asymptotics are detailed in the appendix C.
• Configuration 1:
Convention 2 implies that all parameters w i , h i , t i , l i are half-integers. The possible lengths of the waist curves of the cylinders are l 3 , l 4 , l 2 + 2l 1 and l 2 + l 3 + l 4 . Since l 2 + l 3 + l 4 > l 3 and l 2 + l 3 + l 4 > l 4 we should have l 3 = l 4 and l 2 + 2l 1 = l 2 + 2l 3 :
There is one way to find such (l 1 , l 2 , l 3 , l 4 ), if 2w 1 < w 2 . The contribution to the counting for this configuration is:
• Configuration 2:
All parameters are half-integers. The possible lengths for the waist curves of the cylinders are l 4 , l 3 + l 4 , l 2 + l 3 and l 2 + 2l 1 . Since l 3 + l 4 > l 4 and the situation l 4 = l 2 + 2l 1 l 3 + l 4 = l 2 + l 3 is impossible, the only remaining case is:
This implies that l 3 = l 1 and there is only one way to find such l i , but only if w 1 < w 2 < 2w 1 . The contribution to the counting is:
Summing the contributions of the 2 first configurations gives:
Figure 3. Configuration 3
All parameters are half-integers. The two lengths are 2l 1 + 2l 2 + l 3 and l 3 + 2l 4 so we should have l 4 = l 2 + l 1 in order that the two are equal. Then we search the number of (l 1 , l 2 , l 3 ) such that w = l 3 + 2(l 1 + l 2 ). It is a polynomial of w with leading term 1 4 (2w) All parameters are half integers. The lengths for the waist curves are 2l 1 + l 2 + l 3 and 2l 4 + l 2 + l 3 , so we have l 1 = l 4 . The number of solutions
The contribution to the counting for this configuration:
• Total:
The sum of the 4 contributions is:
We obtain:
4.2. Second example: Q(3, −1 3 ). As previously we compute the volume of this stratum using the method described in § 4.
• The parameter w 1 = W 1 is an integer and all remaining parameters are half-integers. Note that here there are 3 ways to give names to the poles. The equations
The contribution of this configuration is:
• Configuration 3 The parameter w 1 = W 1 is an integer and all remaining parameters are half-integers. Note that here there are 3 ways to give names to the poles.
Two ribbon graphs are possible for the second layer: For the first ribbon graph, the equations
For the second ribbon graph, the equations
The total number of solutions is then:
This gives a contribution:
Summing the contributions of configurations 2 and 3 we get: The parameter w = W is an integer and all remaining parameters are half-integers. Note that here also there are 3 ways to give name to the poles.
The constraints are:
So there are ∼ For the strata of quadratic differentials in genus 0 , Athreya-Eskin-Zorich gave an explicit formula relating Siegel-Veech constants and volumes of strata in [AEZ1] . The Eskin-Kontsech-Zorich formula (Theorem 2 of [EKZ] ) gives here the values of the Siegel-Veech constants for the strata. So they deduced the values of volumes.
In higher genera, the relation between Siegel-Veech constants and volumes is given in [G] . But values of Siegel-Veech constants are not known in general, only numerical approximations can be obtained by simulating Lyapunov exponents and using the [EKZ] -formula.
However for some special strata, called "non-varying", Chen and Möller showed in [CM] that the sum of Lyapunov exponents is the same for the entire stratum and for all Teichmüller curves inside the stratum. For those strata they computed the constant sum of Lyapunov exponents, so we obtain the Siegel-Veech constants by applying [EKZ] -formula.
For all these strata, if their boundary strata are also non-varying or hyperelliptic and connected or of genus 0, we can use the recursions given by the relations c area (Q(α)) = Explicit polynomials in volumes of boundary strata Vol(Q 1 (α))
given in [G] to compute the exact values of their volumes. This method is applied in [G] for a bunch of examples. The results are coherent with those of the other sections. [EOk] In the Abelian case, volumes of strata were computed up to genus 20 by EskinOkounkov using representation theory and modular forms. In the quadratic case, they developed a similar theory but some additional difficulties arise for the computation of volumes. The aim of this section is to recall the procedure to compute volumes using these results, to explain where the difficulties occur in the computations, to compute finally as many volumes as possible in the quadratic case, and to give the normalization factor between their convention and the [AEZ1]-convention. 6.1. Convention for the normalization of the volume: description of the lattice. The convention of Eskin and Okounkov for the normalization of the volume element is slightly different from the previous one, due to Athreya, Eskin and Zorich. In particular the "integer points" in the strata will be also tiled by squares, but the chosen lattice differs. In fact here lattice points are covers of the torus in the Abelian case, and covers of the pillow in the quadratic case, with some constraints that we recall here. 6.1.1. Abelian case. Let T 2 = C/(Z + iZ) be the standard torus. For a given stratum H(d) = H(d 1 , . . . , d n ), fix n points P i in T 2 , and denote µ i = d 1 + 1 for i = 1 . . . n. Then the chosen lattice for this stratum is the following:
Computing generating functions following
S is a cover of T ramified over each P i with ramification profile µ i }
We denote
Cov
We introduce also the number
where l(µ) is the number of parts in µ.
6.1.2. Quadratic case. Let Q(k) be a stratum of quadratic differentials. The set of singularities (k 1 , . . . , k n ) corresponds a couple of partitions (µ, ν) by the following formulas: assume that the even zeros are the b first ones, then we define
This gives a 1:1 correspondence between sets of singularity orders of quadratic differentials and couples of partitions, the second being a partition of an even number into odd parts (correspondence between [AEZ1] and [EOk2] notation). Let B = T 2 /± (called "pillow") and fix b points P i on it (outside of the corners). In this setting, the chosen lattice is the following: L quad (Q(k)) = {S ∈ Q(k); ∃d > 0, S is a 2d cover of B ramified over each P i with ramification profile (µ i , 1 2d−µi ), over 0 with ramification profile (ν, 2 d−|ν|/2 ) and over the three other corners with ramification profile (2 d )}
We denote
We introduce also the following number:
We can express all data for S ∈ L quad (Q(k) in terms of µ and ν:
• genus g = 1 2 (|µ| + l(µ) + |ν|/2 + l(ν)) + 1 ( * ) • genus of the double coverĝ = |µ| − l(µ) + |ν|/2 − l(ν)/2 + 1 • efficient genus g eff = 1 2 (|µ| − l(µ) + |ν|/2) • complex dimension dim C = |µ| + |ν|/2 6.2. Computation of volumes in the Abelian case. We recall here some of the results of [EOk] that are used to compute volumes. Let introduce the following generating functions (here we modify the notations of [EOk] into notations of [EOk2] ):
that enumerate covers and covers without unramified components respectively. Here
is the generating function for the unramified coverings. Finally we denote
the generating function for the connected coverings.
Introducing the q-bracket of a shifted symmetric function F :
where Π denote the set of partitions, Eskin and Okounkov showed (Proposition 2.11 in [EOk] ):
where f µi (λ) = f µi,1,...,1 (λ) is the central character of an element of cycle-type (µ i , 1, . . . , 1) in the representation λ.
The algebra Λ * of shifted symmetric functions is generated by the functions:
The decomposition of the functions f µi in term of the p k is known (see [Ls] for example), so the q-brackets of products of function f i are polynomials in the qbrackets of products of functions p k , that are quasi-modular forms of weight w(µ) (see [EOk] §5.1).
The generating function Z ′ is then totally described, and so is Z • by inclusionexclusion (cf Proposition 2.11 of [EOk] ). To extract from this generating function the values of the volumes they show that (Proposition 1.6 and Proposition 3.2):
Proposition 5.
Their method to compute the volumes is then the following:
• They compute the coefficient corresponding to the highest weight in the decomposition of the f µi in the algebra basis of p k (Theorem 5.5)
• They compute the highest term in the asymptotic of the q-brackets of products of p k as q goes to 1 (Theorem 6.7) • They obtain the volume thanks to the previous proposition (Proposition 1.6 and 3.2.)
6.3. Computation of volumes in the quadratic case. First let us recall the main results of [EOk2] , and then let us detail the computations in this case. Similarly to the case of Abelian differentials, we introduce the following generating functions:
enumerating the covers, the covers without unramified connected components,the unramified covers, the connected covers respectively. The algebra Λ * of shifted symmetric functions is known enlarged to the algebra Λ generated by the functions p k as before and the functions p k defined by:
where the c k are determined by the expansion
For any function F the authors of [EOk] introduce the w-bracket as:
for λ ∈ BΠ, where BΠ denote the set of balanced partitions, that is, partitions λ such that p 0 (λ) = 1/2. For the aim of this section we only need to resume the results of [EOk2] , so we do not enter into the interpretation of the objects that we consider. The authors of [EOk2] show the following formula, similar to the Abelian case:
Proposition 6.
The underlying sum in this formula begins for partitions of max(|ν|, µ i ).
Similarly to the Abelian case we can extract the volumes from the asymptotic of the generating function as q → 1:
and following the proof of [EOk] , Prop 1.6 we get:
. Following the proof of Prop 3.2 in [EOk] we get:
which ends the proof.
The method issued from the Abelian case does not applied here, because there is no equivalent of Theorem 5.5 and Theorem 6.7 of [EOk] here. Let us explain how to compute volumes in this case.
The principal result of their article (Theorem 1 of [EOk2] ) is:
, and E 4 (q 4 ) of weight w(µ, ν)
Examples of such generating functions are given in Appendix A of [EOk2] ) for the strata Q(2, −1
. Note that for all these strata, Z ′ (µ, ν; q) = Z • (µ, ν; q) (cf § 6.4). The procedure to compute volumes is then the following:
(1) Compute the coefficients of the polynomial
Compute the asymptotic development as q goes to 1 of Z
• (see §6.5)
The first step constitutes the main part of the computations. We explain first how to make the two last steps.
Two additional steps are required to compare these volumes to the previous computed ones, they are described in §6.7 and 6.8.
6.4.
Step 2: From possibly disconnected covers to connected covers. We illustrate how to get the generating function Z
• for connected covers form the one for covers without unramified connected components Z ′ with a simple example. Consider covers with profile (µ, ν) = ([3], [1, 1, 1, 1] ) (corresponding to the stratum Q(4, −1 4 )) . Covers admitting several ramified connected components should have profile ([3] , []) ∪ ([], [1, 1, 1, 1] ) to satisfy the constraint ( * ). So here the inclusionexclusion principle is written simply as
Note that in this case non-connected covers have a component which is Abelian. In other words we just have to compute the generating function for the possible substrata (here H(2) and Q(−1 4 )), and apply a simple inclusion-exclusion combination. For the computed values in weight at most 10, the strata decomposes into at most 3 substrata.
6.5.
Step 3: Computing the asymptotic development of Z
• . After the second step, we obtain Z
• as a polynomial in E 2 (q 2 ), E 2 (q 4 ), E 4 (q 4 ). Let q = e 2iπτ ,q = e iπ/2τ , and h = −2iπτ so q = e −h . We use the (quasi)-modular transformations:
Finding the asymptotic development as q → 1 is equivalent to finding the asymptotic development as h → 0.
Recall that with the convention of [EOk2] , we have the following developments:
Note that, except for the constant terms, all terms in the development of E 2 (q 2 ), E 2 (q), and E 4 (q) are negligible compared to any power of h as h → 0.
It means that making the following replacements:
we obtain exactly the asymptotic development of Z • as h → 0.
6.6.
Step 1: Computing the generating function as a polynomial in quasimodular forms.
6.6.1. First method. The first method consists to apply naively Proposition 6 and compute the first terms in the development. We denote QM F (Γ 0 (2)) the algebra of quasi-modular forms generated by E 2 (q 2 ), E 2 (q 4 ), E 4 (q 4 ), QM F (Γ 0 (2)) w its Q-subspace of weight w (i.e. generated by monomials of weight smaller or equal to w), and l QMF w the dimension of QM F (Γ 0 (2)) w as a Q-vector space. Then it suffices to compute strictly more than l QMF w terms in the development of Z ′ to find the linear dependance between Z ′ and the elements of QM F (Γ 0 (2)) w as a Q-vector space. Since the developments are in powers of q 2 , that means that we have to compute all values of the central characters for balanced partitions up to 2(l QMF w + 1). This method is very limited because this number grows fast and the character computations become too slow (see Table 1 and 2). Theorem 2. The ratio g ν (λ) = f ν,2,...,2 f 2,2,...,2 is the restriction of a unique function g ν ∈ Λ of weight |ν|/2 to the set of balanced partitions.
In other words it means that the ratios f ν,2,...,2 f 2,2,...,2 are polynomials in p k and p k of degree |ν|/2, where the degree of a monomial is obtained by summing the weights w(p k ) = k + 1 and w(p k ) = k. The computation is then reduced to the computation of the w-brackets of monomials in p k and p k as polynomials in E 2 (q 2 ), E 2 (q 4 ), E 4 (q 4 ). To resume, the method here consists to:
(1) Compute the coefficients of the polynomial g ν in the p k and p k (2) Compute the coefficients of the polynomials f µi in the p k (3) Compute the coefficients of all polynomials p i1 . . .
Note that for the first step we have to compute the values of g ν on a priori at least l Λ |ν|/2 + 1 distinct balanced partitions, of length at least |ν|, where l Λ w denotes the dimension of the subspace Λ w of Λ composed by polynomials in p k and p k of weight smaller than w (see Table 1 ). But an other constraint appears here. Remark that
and that Λ 2k contains the monomials p i1
is a polynomial in |λ| of degree i. It implies that these monomials are linearly dependent on too small sets of partitions. So we have to compute the values of g ν on partitions with at least |ν|/4 + 1 distinct lengths. Note that the number of balanced partitions of length comprised between |ν| and |ν| + |ν|/4 is bigger than l Λ w , so it suffices to compute g ν on all these partitions to obtain its coefficients. The relation on the p 1 is the only constraint for the choice of the set of partitions that appeared in the numerical simulations. The Table 2 compares the lengths of the partitions involved in the two methods, so it becomes clear that the second method is more efficient.
For the second step we can use explicit formulas given in [Ls] for example, so this step presents no difficulties.
Finally for the third step we have to compute w-brackets of monomials in p k and p k , and express them in term of polynomials in E 2 (q 2 ), E 2 (q 4 ), E 4 (q 4 ). This can be done be computing the first terms of these brackets in the development in powers of q. Note that this time, we do not have to compute all characters, but only the dimension, and the central characters of fixed-point free involutions f 2,2,...,2 , which are given by explicit formulas (equation (8) in [EOk2] ). We noticed numerically that up to weight 10, all these w-brackets are of pure weight.
Computations giving the values of Appendix A were made using Pari. We computed partitions, 2-quotients, dimensions, characters of fixed-point free involution up to length 50, and character tables up to length 30. Note that for weight 10 we used the fact that numerically the w-brackets of polynomials in p i , p i are of pure weight. Table 2 . Table of lengths of balanced partitions whose characters are computed in the two methods, for a stratum with only odd zeros (w(µ, ν) = |ν|/2) 6.7. Getting the purely quadratic contribution in the case of strata with even zeros. Note that for strata with only even zeros, we count covers that can correspond to Abelian differentials. To compute the volume of the strata of quadratic differentials that are not squares of Abelian differentials, we have then to consider the following generating function that excludes the Abelian covers:
where Z • (µ; q) is the generating function corresponding to the stratum H(d). Lemma 2. We have the following normalization factor between the volumes:
Using this normalization factor, we give all volumes of strata of dimension up to 10 in the appendix A. Note that these values coincide with the ones computed in the previous sections. 6.9. Conclusion. The rationality of volumes follows from all the results of [EOk2] , we detail here the proof since it follows from all the detailed steps of he computation of volumes.
Proposition 8. Any stratum Q(k) of quadratic differentials has a rational MasurVeech volume in the following sense:
Proof. First note that the chosen normalization for the volume does not affect the result by §6.8. Note that for a stratum defined by partitions µ, ν, we have the following relations
First the order of Z ′ (µ, ν; q) as q → 1 is smaller than w(µ, ν) by the main result of [EOk2] . The order of Z
• (µ, ν; q) as q → 1 is exactly dim C . Note that if the stratum has no even zeroes, the result is immediate since in this case dim C = w(µ, ν) = 2g eff so only the highest order terms count in (6.5), and for these terms the order of π coincide with the order of h. If the stratum has l(µ) > 0 even zeros, in (6.5), the second highest order term (in 1/h) will be used instead of the terms in 1/h 2 , l(µ) times, such that the final order is dim = w − l(µ). This decreases the power of π by 2l(µ) to give finally 2g eff = w − 2l(µ). If the stratum has only even zeroes the contribution of Abelian covers is given by Z
• (µ, q 2 ). We use the same modular transformations as (6.5) and an additional one for E 6 , so the result is also true in this case.
Appendix A. Table of Here we use the method of § 4 and the lemmas of Appendix C to compute some volumes of hyperelliptic strata already computed in § 3. This allows us to check one more time that our choices of normalization for the volumes are consistent. Lemma 4 (Athreya-Eskin-Zorich).
(a i + 1)ζ(a i + 2)
We will need the following variation of the previous lemma:
Lemma 5. 
